Two-dimensional σ-models corresponding to coset CFTs of the type (ĝ k ⊕ĥ )/ĥ k+ admit a zoom-in limit involving sending one of the levels, say , to infinity. The result is the non-Abelian T-dual of the WZW model for the algebraĝ k with respect to the vector action of the subalgebra h of g. We examine modular invariant partition functions in this context. Focusing on the case with g = h = su(2) we apply the above limit to the branching functions and modular invariant partition function of the coset CFT, which as a whole is a delicate procedure. Our main concrete result is that such a limit is well defined and the resulting partition function is modular invariant.
Introduction
In this paper we consider quantum aspects of non-Abelian T-duality in Wess-ZuminoWitten (WZW) [1, 2] models. These are two-dimensional sigma models with a group manifold as target space. Conformal invariance is exact in the curvature expansion, so they are useful examples for study of string theory compactifications.
Duality in these theories received attention for a number of years [3] [4] [5] [6] [7] . Some of the conclusions drawn at that time were the following. In the Abelian case it is possible to specify periodicities for the dual coordinates such that the duality holds at the quantum level -in particular the spectra of the two theories match. However, in the non-Abelian case this does not seem possible: some coordinates in the dual geometry must be left non-compact, and so non-Abelian 'duality' is actually a mapping between different CFTs. There was a generalization of these ideas to Poisson-Lie Duality [8] [9] [10] [11] . While progress was made, the quantum picture of the Non Abelian T-duality was never completely elucidated.
Here we reconsider the case of theŝu(2) k WZW model on the torus, where a vital role in the consistency of the theory is played by modular invariance. We explicitly solve for the spectrum of the dual quantum theory and compute the partition function.
We also consider modular transformations and fusion rules.
The tool we use to do this is the coset construction [12] [13, Chap. 18] . As shown in [5] , the classical action for the non-Abelian T-dual of the WZW model for SU (2) with respect to the vector SU(2) isometry can be obtained as the limit of the coset modelŝ u(2) k ⊕ŝu (2) ŝu (2) k+ , (1.1) in which → ∞, and we must also zoom in close to the identity in the corresponding group geometry, parametrizing the second group element as g 2 = 1 + i v/ . This limit allows for very large quantum numbers for the algebraŝu (2) . 1 The group theoretic coset specifies only the chiral algebra of the theory, and it was our motivation in this paper to understand precisely which sectors of left and right moving quantum numbers can combine to give a modular invariant partition function as → ∞. Our answer will be that there is a consistent subset of primary states, closed under modular transformations, which implement the limit. The defining feature of these states is that they have finite non-zero energy.
Our main result is that the dual partition function is equal to that for a product theory of parafermions and an uncompactified boson, (ŝu(2) k /û(1) k ) × R. Furthermore we find that by taking two inequivalent limits in target space, we can associate this partition function with two different geometries. This is suggestive of a duality between these two backgrounds, which is not the original non-Abelian T-duality, but something else, a kind of large-level equivalence. This idea has been put forward in a previous work [14, 15] where the spectrum of scalar Laplacian operator was considered, but here it is made explicit and verified by considering the whole tower of string states. As far as we know, both this conjectured equivalence and the result for the CFT partition function we find here are new.
It has long been known [3, 4] that both Abelian and non-Abelian T-duality [16] can be thought of on the string worldsheet as a continuous orbifold, i.e. an orbifold by a continuous group. While we have not checked explicitly, the form of the limiting partition function we find is highly suggestive of the same interpretation. Indeed, in previous works [17] [18] [19] [20] similar limits were taken and there were interpreted as continuous orbifolds. The most well-known example is the so-called Runkel-Watts theory [21, 22] , corresponding to the c → 1 limit of the Virasoro minimal models. This is a special case of our results for k = 1.
The paper is organized as follows: As a warm-up in section 2 we consider thê su(2) k WZW model, which is the model before dualization, and its large-k limit. While this is not the limit we are directly interested in, it will serve to illustrate some relevant points in a simpler context. In section 3 we consider the large-level limit of the coset theory, and discuss a consistent set of states to preserve modular invariance. We also give a spacetime interpretation of our results. In section 4, for the sake of comparison, we treat the well studied case of Abelian duality using our methods. Finally section 5
ends with a discussion of our results.
Large-level limit of theŝu(2) k WZW model
Our approach to modular invariants for backgrounds related to non-Abelian T-duality was first established in [5] by taking a limit in gauged WZW models (corresponding to coset CFTs), involving as a basic ingredient large level. We would like to see how this limit manifests itself at the level of the partition function of the theory. As we will see this is technically quite involved. Therefore, in order to introduce our approach and method, we start with a different (albeit related and much simpler) limit in WZW models.
The background
We focus our discussion on theŝu(2) k WZW model. In a standard parametrization of the group element
The background metric and antisymmetric tensor of the corresponding σ-model are
and the dilaton is constant. Consider zooming in near a point. Specifically, take the
3)
where because of the limit the range of variables is 0 ρ < ∞, −π φ < π and −∞ < z < ∞. The limiting background is
i.e. free motion in R 3 , which is expected given that we zoomed covariantly with respect to SU(2) -it is just the tangent space at a point.
We would like to see how this limit can be taken at the level of the spectrum of the theory and the associated partition function.
The spectrum
We now turn to the quantization of the theory. It is relevant to mention that the quantization of a given classical theory is not unique. Therefore we should be clear about which quantum theory we are considering: it is the quantization which preserves all the chiral symmetries of the WZW Lagrangian corresponding to the background (2.2), leading to conformal invariance. The spectrum of the theory fits into representations of the infinite-dimensional affine Lie algebraŝu(2) k . In fact, given consistency requirements such as unitarity and a bounded spectrum, only the 'integrable highest weight'
representations appear, which for brevity we will call simply 'integrable'. For further details we refer the reader to [13] . The Hilbert space decomposes in terms ofŝu(2) k representations as a diagonal sum 5) with the sum over all representations at level k, and every representation appears exactly once. This means that all primary fields have equal holomorphic and antiholomorphic conformal dimension.
An integrable representation is specified by an integer 0 λ k. This is just twice the usual spin quantum number λ = 2j (j = 0, 1/2, 1, . . . , k/2), more common in the physics literature. The Virasoro central charge and holomorphic conformal dimensions are given by
From (2.5) the partition function is given by a bilinear combination of the characters
Here τ is the modular parameter of the torus, such that the identifications are z ∼ z + 1 ∼ z + τ. We also define q ≡ e 2πiτ , and in an abuse of notation refer for example to χ
λ (q) when it suits us. The partition function is modular invariant since the characters transform into one another under the action of the modular
The explicit expression for theŝu(2) k characters can be obtained from the Kac-Weyl formula and reads 
Large level limit
We now want to find which states we have to keep in the quantum theory in order to recover flat space, i.e. free bosons, when we take the large-k limit of theŝu(2) k WZW model. In addition, we would like to see if there is a truncation of the above character which still gives a modular invariant partition function as k → ∞. Indeed, in this limit, only the n = 0 term in the sum in (2.10) survives
There are three distinct natural scalings of λ as k → ∞. We consider each in turn, substituting (2.11) into (2.7) to find the partition function:
• Take all λ = O(1), i.e. kept finite as we scale k → ∞. Then all the primary fields have dimension zero, and the power in the numerator in (2.11) vanishes. We 3 and the contribution of these states for the diagonal 2 The modular group PSL(2, Z) is generated by the two transformations
which act on the upper half plane
partition function is
where by assumption λ max is some order one constant. That is to say, in taking this limit the O(1) spins contribute O(1) in total to the partition function. The result, (2.12), is not modular invariant and as such a corresponding truncated theory is not consistent.
•
The weight of the primary field becomes h
We can work out the contribution of these states to the partition function by replacing the sum with an integral
This is the partition function for the background (2.4) since in Cartesian coordinates it corresponds to the a σ-model action for three free bosons. As such each factor is modular invariant separately. The k 3/2 scaling factor is proportional to the volume of the group manifold.
• Finally, let λ = O(k). All the dimensions of the primaries become very large -of order k. Thus the characters exponentially vanish and so does the entire partition function.
The main point we want to make in this section is the following: it is only a subset of primary states we need to consider in order to find flat space as a limit of the WZW model. This is the subset of weights scaling with λ ∼ √ k. The situation will be similar when we consider coset models, except that the scaling of the weights will be more subtle.
Modular S-matrix
We have seen that the subset of states in theŝu(2) k modules whose primaries scale like √ k can be picked out, and form on their own a modular invariant partition function.
We would like to arrive at the same conclusion by examining directly how modular transformations act on theŝu(2) k characters. We will focus on the transformation (2.9) implemented by the modular S-matrix with elements
This S-matrix is real and symmetric, hence unitary, and squares to unity. We would like to study how weights scaling with different powers of k are related to each other by the modular S-transformation. First note that at large k we have approximately, after dropping an overall numerical factor, that
We consider again the diagonal partition function (2.7), now in terms of a power counting at large k. There are three sources of scaling we must taking into account: the scaling of the characters, the number of characters in that regime of λ, and the scaling of the relevant matrix element of S (k) . In a schematic notation, we denote these by χ λ , n λ and S λ,λ respectively.
Let us divide the weights into the three regimes λ ∼ 1, √ k, k, as before. Obviously, since a representation is characterized uniquely by λ, the number of λ ∼ 1 weights is of order one, so we write n 1 ∼ 1 and similarly n √ k ∼ √ k and n k ∼ k. Then we look at the character formula (2.10). The characters are order one for λ ∼ 1, order
for λ ∼ k all of the weights are sent to infinity and the corresponding character goes to zero, exponentially for large k. We may tabulate this information as
Using this we can write the diagonal partition schematically as
This shows the leading large-k contributions from each weight regime. We see that the dominant contribution is the middle term coming from O( √ k) weights. The large-k expansion of the partition function is Z WZW = k 3/2 Z 0 + · · · , and Z 0 can be computed using only these weights. 3 Now let's do a modular S transformation on (2.17) and see how the different contributions map into each other. We keep track of the various contributions to the dominant k 3/2 term
The overall scaling behavior (2.17) (i.e. The special property of O( √ k) weights is that their primaries have finite nonvanishing conformal dimension in the k → ∞ limit. Likely this is true for general WZW theories: their modular behavior at large level should be dominated by the states which have finite non-zero dimension. Only these will be closed under modular transformations. In the coset theory we will encounter a similar situation. 3 We can make an analogy with the canonical ensemble in statistical mechanics, where k plays the role of the particle number. In that case there is a competition between entropy and energy. The entropy of the O(1) states is too low, and the energy of the O(k) states is too high. In the thermodynamic limit, the dominant contribution to the free energy is from states where the two effects balance, namely for
Fusion rules
Lastly we consider briefly the fusion rules of the theory. The consistency of the OPE with the spectrum (2.5) implies that the product of two representations ofŝu(2) k can be decomposed as 20) where 0 denotes the vacuum representation. It follows from the Kac-Walton formula relating tensor-product to fusion coefficients [13, Sect. 16.2] that the fusion coefficients reduce to tensor-product coefficients in the limit
In other words, the fusion coefficients are some sort of truncated tensor-product coefficients N ν λµ . We would like to see whether there is a consistent truncation of this statement to only the λ ∼ O( √ k) states -namely, whether a theory containing only these states can reproduce (2.21). So first we take all the states including the interme-
to have this scaling. We turn the sum over ρ into an integral over x to obtain that
Assuming that none ofλ ±μ ±ν vanishes, 4 the integral converges and we get
This makes sense in terms of SU (2) 
Coset CFT
Now we consider the coset (1.1). In general, cosets are more complicated than WZW models to study, but in this simple case both the background fields and the modular invariant partition function are known.
The background
The background fields for this coset were first worked out in [24] and in [25, 26] (for the equal level case and Minkowskian signature generalizations) using the gauged WZW action. Here we present the results of the derivation of [14] in which the parametrization used resulted in expressions more convenient for our purposes.
We start with the standard parametrization of the two SU(2) group elements
where from unitarity
The gauging procedure from which the σ-model background fields are derived implies that resulting three dimensional space will depend only on the rotationally invariant combinations of the two vectors α ≡ (α 1 , α 2 , α 3 ) and β ≡ (β 1 , β 2 , β 3 ). These are their lengths and their inner product. We will use equivalently, α 0 , β 0 and γ ≡ ±α · β (depending if the inner product is positive or negative. The results below do not depend on this sign).
It is convenient to introduce the ratio of levels
Then, the background metric is given by
the antisymmetric tensor is zero, and the dilaton reads
The definitions of the various functions are
The range of variables is
The background is manifestly invariant under the interchange of α 0 and β 0 and a simultaneous inversion of the parameter r. This symmetry simply interchanges the two SU(2) factors in the coset.
High spin limit and the effective geometries
We are interesting in taking one of the levels, say , infinitely large. In accordance with our discussion for the group case this should be done in such a way that the eigenvalues of the Hamiltonian, i.e. of the zero modes of the Virasoro algebra generators L 0 +L 0 , remain finite. Using the σ-model background these eigenvalues are computed using the Laplace operator corresponding to the metric (3.4) and the dilaton (3.5) . This was done in [14, 15] and involved new group theoretical methods since (3.4) lacks isometries. A typical eigenstate is labelled by the non-negative integers µ, λ, ν.
The corresponding eigenvalues are in general non-degenerate and given by
Given a pair of values for (µ, λ) then ν = |µ − λ|, . . . , µ + λ. The above expression is nothing but the conformal weight of the corresponding coset CFT primary field in the semi-classical limit of large levels in which a shift in the denominators of all expressions by two (the dual Coxeter number for SU (2)) has been omitted.
When sending → ∞, a non-trivial result is achieved provided one of the spins becomes large, whereas the other one is kept finite. Specifically, let [14, 15] 
where n is a integer and δ a positive real parameter. Then
Note that in this limit the first and the third terms in (3.8) become separately infinite, but their sum remains finite as is seen above. The above limit corresponds to zooming into the metric to find the geometry that can support this infinite level/spin regime in a consistent manner. This can be done in two different ways resulting in two different gravitational backgrounds [14] .
Limit 1:
Consider focusing around α 0 = 0. Accordingly, we scale this coordinate and take the limit
where z is the new uncompactified coordinate. After performing the transformation 12) we obtain that
This is locally the background for the exact CFTŝu(2) k /û(1) × R. However globally there is a twisting, as can be seen from the coordinate change (3.12). There we see it is not φ but φ + z which is the cyclic coordinate: the coordinate ranges in (3.13) are in
The spectrum corresponding to (3.13) should be of the form (3.10). To see this, note that the eigenvalues of the Laplace operator for (3.13) are given by 1 4k λ(λ + 2) − a 2 + b 2 as expected for a coset CFT space supplemented by a free extra coordinate.
Because of translation invariance in φ and z, this corresponds to an eigenfunction
proportional to e iaφ e ibz . This factor can be rewritten as e ia(φ+z) e i(b−a)z . Since φ + z is periodic then a = n, with n ∈ Z. On the other hand a − b = δ, with δ ∈ R, so that
, and we reproduce (3.10).
Limit 2:
Consider focusing around α 0 = 1 and γ = 0, by performing first the coordinate transformation Remarkably, the Laplace operator on scalars for this background also has eigenvalues given by (3.10) [14, 15] . This follows from the fact that both backgrounds come from the same limit in the quantum numbers, but is completely non-trivial from the geometrical point of view since the metrics (3.13) and (3.15) differ drastically.
The limit (3.14) is a particular case of a more general limiting procedure mentioned in the introduction [5] in which the action for the non-Abelian T-dual of the WZW model with respect to the vector symmetry g → h g h −1 coincides with the → ∞ limit of the gauged WZW action if we simultaneously zoom in near the identity g 2 =
The above limits suggest that two different backgrounds, one of which is the nonAbelian T-dual of theŝu(2) WZW model, describe in fact the same consistent sector of representations with very high values for the Casimir operators. Next we will take the same limit at the level of the modular invariant partition function of the coset theory.
The quantum theory
Theŝu(2) k ⊕ŝu(2) /ŝu(2) k+ coset theory is a quantization of (3.4), (3.5) that preserves its group theoretical structure. The corresponding CFT coset construction gives an exact conformal theory whose chiral data (conformal weights, fusion rules, etc.) can be expressed entirely in terms of the chiral data for theŝu(2) k andŝu(2) WZW models.
A coset field is labelled by three highest weights {λ, µ; ν} ofŝu(2) k ,ŝu(2) and su(2) k+ respectively. We have that 0 λ k, 0 µ , and 0 ν k + , but this overcounts the coset fields since we must make the identification (corresponding to simultaneous automorphisms of the algebras)
and we will also find the selection rule
In order to extract the coset Hilbert space we must decompose each representation
The Hilbert space of the coset theory is a diagonal sum of coset modules
H {λ,µ;ν} ⊗ H {λ,µ;ν} , (3.20) where the two tensor factors are representations of the left and right moving coset
CFTs respectively, and the sum is subject to (3.17) and (3.18).
The characters of the coset are obtained from the character identity corresponding to (3.19)
The functions Ξ {λ,µ;ν} (τ) are called the coset characters of the coset field {λ, µ; ν}.
Under the modular S transformation they transform into one another as
The modular invariant partition function is given by [27] Z 23) subject to (3.17) and (3.18).
The spectrum
We are interested in taking the → ∞ limit of the coset theory. The analysis is greatly simplified by using a form of the su(2) k characters factorized in terms of the 'parafermion' theory and aû(1) k model (single compactified boson), material which is presented in appendix A. This corresponds to considering the group manifold as a Hopf fibration of U(1) over SU(2)/U(1), i.e. S 1 over S 2 . The boson S 1 is the Hopf fibre, and is the maximal torus of SU(2). The coset construction leaves intact the parafermion characters, while modifying theû(1) k factors in a way we will explore in this section.
In appendix B we derive a simple expression for the coset character in the limit → ∞, in terms of parafermions
The second term projects out a subset of states of theû(1) k factor of the theory, the coset analogue of singular states in a Virasoro module. Notice that in (A.5) we defined the functions c λ m (q) to vanish for λ − m odd, which guarantees that the selection rule (3.18) is satisfied. In order to deal with the field identification (3.17) so as to cover each independent field only once, we can for example restrict µ − ν k 2 . However, for generic weights (3.17) acts transitively, and we simply divide the partition function by 2 -so there is no non-trivial constraint on {λ, µ, ν} in the above expressions.
The primary state of a coset module is the state of lowest conformal dimension. We can read this off as the lowest power of q appearing in the expansion of (3.24). There are two contributions: one from the exponent β µ,ν and one from the normalization (A.5) of the string functions 25) where the definition of h λ µ (parafermion) in (A.5) has been used. Comparing this with the 'naïve' weight h
there is an integer shift in the dimension of the primary [28] . Indeed, because the parafermions have the shift symmetry c λ m = c λ m+2k it is always convenient to write ν − µ modulo 2k in the following way
so that c λ µ−ν = c λ β . Using this we can write the integer shift s λ,µ,ν as 
Limit of the partition function
We now want to establish the main result of this paper by taking the → ∞ limit in the partition function (3.23). As before, the question is whether all coset primary states are relevant in this limit. In particular, is there a subset of states closed under modular transformations? The results in the case of the WZW model suggest that the modular invariant limit will correspond to scaling weights with the highest power of such that conformal dimensions of the primaries remain finite. Indeed, this will be precisely the same limit as (3.9) in the geometry.
Linear scaling
As in (3.9), in this limit we take both µ and ν to scale linearly with , but with their difference µ − ν kept finite:
where 0 δ k becomes a continuous variable in the limit, and −∞ < n < ∞. 5 The primary dimension (3.27) takes the finite limit
This is finite because in (3.27) there is a cancellation between divergent terms in h . Note that the integer shift stays finite in the limit since it depends on the integers α and β defined via the difference ν−µ in (3.26).
The limit of the coset character (3.24) is simply
Compared with (3.24), the second term has disappeared -the dimensions of the singular vectors become infinite. Remembering that n ≡ ν − µ, we have n = 2kα + β with −k + 1 β k , hence the square modulus of the character is (we now drop arguments of τ or q for the sake of brevity)
To compute the limit of the partition function (3.23) we need to do the sum over all allowed weights. Remembering the discussion below (3.24), we can do an uncon- 5 Notice that in non-affine group theory we have |n| λ. In the affine case there is no restriction on the range of n. But the conformal dimensions get very large for |n| λ and so the (qq) (n−δ) 2 /4k factor in the partition function acts like a Gaussian damping those contributions at large k. strained sum over all weights, dividing by 2 to account for (3.17)
Let's first consider the sum over α, δ only. The important point to realize is the following: α is an integer and the sum over 0 δ k has infinitesimal spacing ∆δ = k/ , becoming continuous in the limit. We can define x ≡ α − δ 2k , which has spacing ∆x = 1/(2 ). Looking at the ranges of the parameters, we see that in the limit x takes values in the following intervals, covering half the real line
In the sum we pull out a factor of ∆x in order to pass to a Riemann integral
After we sum over −k + 1 β k we can extend the x integral over the whole real axis. To see this, first separate out the β = 0, k terms. For β = 0 because the integrand is even we can write
and there is a similar equation for β = k. The other terms, −k + 1 β −1 and 1 β k − 1, come in pairs of opposite sign. We can argue the following
To get (3.37) we used that c λ β = c λ −β and also changed integration variable x → −x. For (3.38) we used the symmetry of the integrand in the second term. Finally in (3.39) we have joined the integration domains and shifted x → x − β 2k . Thus the full integral has no β dependence at all -it amounted only to a shift in integration variable.
Thus the full sum over −k
The final step is to sum over λ and divide by 2 to account for the identification (3.17).
The final result for the partition function is
To arrive at (3.41) we pulled out a factor of |η(q)| −2 from the sum. Up to normalization, (3.42) is just the product of the diagonal partition functions of a free uncompactified scalar and the k-parafermion coset, corresponding to a known string background and CFT which we can write asŝu(2) k /û(1) × R. The result can be understood geometrically as follows. The Hopf fibre of S 3 in the WZW model, which had radius ∼ √ k, has decompactified -its radius has been scaled to infinity by a factor of . Thus √ k is the effective radius of the boson after the limit. In contrast, the parafermions have stayed at finite volume.
The background corresponding to this partition function is (3.13). The global twisting does not manifest itself in (3.42), but we can see it by expanding the exponent in (3.31): δ is the momentum on R, and n is the parafermion quantum number, and there is a cross-term −2nδ coupling the two. This term gets washed out when we sum over all states in the partition function -it does not affect the spectrum, but changes the OPE. We will see this in section 3.6.
Finally, note that (3.42) is modular invariant, and that it scales linearly with , reflecting the fact that the number of weights we have retained is order .
Finite weights
In this and the next section we try two other scaling ansatze which can be checked for consistency. Our conclusion will be that (3.29) is the only scaling consistent with modular invariance.
First let us try keeping all weights finite
which means only keeping primary states with dimensions parametrically smaller than . The dimension of these primaries is given by the limit (3.43) of (3.27)
have cancelled each other out, so the only difference from thê su(2) k weights comes from the integer shift.
This limit of the coset character (3.24) is
Note that here, in contrast with (3.31), the singular vectors are retained in the limit.
Substituting (3.45) into (3.23) gives the limit of the partition function. The form of the limit will depend on exactly how we cut off the sum over µ and ν, but to take a representative example, let's sum over 0 µ, ν w max where w max is some finite number:
. (3.46)
As w max becomes large (but still w max ) the first term becomes dominant because it scales linearly with w max . This is a discrete sum involving the parafermion characters which can be compared with (2.7). All the winding modes have been removed from the free boson, so that it is not modular invariant. Thus we conclude that the subset of parametrically small spins is not closed under the action of the modular group. Note the linear scaling of the partition function with w max , as expected from the truncation (3.43).
Intermediate scaling
Lastly, let's take a limit similar to (3.29), but use
where γ is treated as finite. Although the primary weights (3.27) are the same as in the finite case (3.44), the limiting character resembles (3.31) in that there is no subtraction of singular states. It is also independent of γ
The partition function (3.23) becomes
where γ max is an order one cutoff on the sum over γ, analogous to w max in section 3.4.2. This is equal to the WZW partition function but with winding modes removed, and is thus not modular invariant.
Note that, by breaking up the sum over n modulo 2k as in (3.26) we can see that the spectrum of chiral dimensions in this limit is identical to the WZW theory. Indeed we can rearrange the limiting coset characters intoŝu(2) k characters
Thus we can recover the original WZW partition function as a certain non-diagonal modular invariant in this limit. However, note that this would not correspond to a direct quantization of the gauged WZW action. We are not sure if this observation has any deeper significance.
Modular matrix
The modular transformations for the coset are given by (3.22) . We are interested in the limiting behavior, as → ∞, of the last two factors of S, containing the dependence.
As before, we want to see at the level of power counting in how the truncation to weights (3.29) is consistent with modular invariance. We again use the schematic notation of section 2.4 to represent the scaling of the various quantities. That is, the number of weights with linear scaling is n and the coset characters are of order Ξ .
The key feature of (3.29) is that the weights µ and ν are allowed to scale linearly in , but they must have finite difference. That is, the leading linear term in each is the same:
The subtlety in the power counting is that µ − ν is kept fixed while µ can range up to . Therefore the number of weights µ, ν within the limit ansatz (3.29) is n = O( ) and not O( 2 ) as one would naïvely think from a double sum over µ and ν. The characters are order one, i.e. Ξ = O(1).
First look at the computation of the partition function (3.23) because of (3.51). Therefore the transformed partition function scales as
In the last stage we used that the integral of the factor involving the sin-function will be some positive order one number. The correct scaling is recovered by staying within the scaling ansatz, so the truncation is consistent with modular invariance.
Fusion rules
As in the WZW model, the Verlinde formula allows us to check whether the high spin limit (3.29) can be consistent. We use the coset S matrix (3.22) in the Verlinde formula (2.20) , where now we must do a triple sum over all coset fields. Again, since k is finite the sum over λ does not play a role in our argument and we leave it out.
We want to check the following: given two coset fields (µ 1 , ν 1 ) ∼ (δ 1 , δ 1 ) and 
where the sums are over all combinations of signs s i = ±1. Note that, whereas in the coset before the limit the fusion coefficients were finite natural numbers, once we truncate the sum in the Verlinde formula (2.20) the fusion rules become a continuous function -as a clarifying point, note that the theory is no longer rational with respect to the coset algebra. Interestingly, (3.55) does not vanish forμ 3 =ν 3 , suggesting that the weights we have kept are not closed under the operator product expansion. This is in contrast to the situation in the partition function. There, weights outside the truncation can be consistently ignored because their conformal dimension becomes large with , and it can be seen from eqs. (3.23) (3.24) , that their contribution is exponentially suppressed. In the fusion rules however they seem to play an important role.
Thanks to the geometric result (3.42), the quantum numbers δ i above have the interpretation as momenta along the decompactified Hopf fibre. We can ask the following question: are the truncated fusion rules the same as the product CFTŝu(2) k /û(1) × R? The answer is no. If δ i were the momenta along a decoupled R factor in the geometry we would have N δ 3 δ 1 δ 2 = 0 unless ∑ δ i = 0, i.e. momentum would be conserved, but instead we get the rather non-trivial result (3.55) . This is possible precisely because of the cross-term mentioned in the discussion after (3.42) . In fact, we should think of n and δ as momenta along the maximal tori of two SU(2)'s, and there can be momentum transfer because of the coupling between them. Therefore parafermions do not factor out in the fusion rules. The fact that the OPE differs from R was already noted in the k = 1 case [21] .
Comparison with the Abelian case
According to the general proposal, the Abelian T-dual of theŝu(2) k WZW model is given by the → ∞ of the cosetŝu(2) k ⊕û(1) /û(1) k+ .
The calculations closely parallel the non-Abelian case, so we will not give details here. The relevant character decomposition is
where we have introduced theû(1) k characters ζ
. λ is the highest weight for aŝu(2) k , whereas µ and ν are now the labels ofû (1) subject to the usual selection rule λ + µ − ν ∈ 2Z and field identification {λ, µ, ν} ∼ {k − λ, − µ, (k + ) − ν}. Now we take the limit analogous to (3.29)
and obtain up to a constant factor the same partition function as in the non-Abelian
where the extra factor of 2 compared with (3.42) comes from the different range for δ in (4.4) compared with (3.29) . This is modular invariant, and is not a surprising result
given that the Abelian dual geometry to the WZW background (2.2) is in fact locally the same as (3.13). However, (4.5) is not the partition function of the Abelian T-dualthe Abelian duality is exact, so the dual partition function should be equal to Z WZW .
The reason for the discrepancy is that in the 'real' Abelian dual background the coordinate z in (3.13) is compactified with period 2π. This means we must perform an orbifolding procedure on (4.3): subtract all the non-periodic modes, and then add twisted sectors. After that we find that the partition is indeed modified to be equal to the originalŝu(2) k model. This is the standard argument appearing for example in [3] , applied to the WZW model. However, from the perspective of the coset these twisted modes never appear -they must be added by hand. This is a deficiency of the coset approach in the Abelian setting, but in the analogous non-Abelian case there is no obvious way to compactify, so the coset method is as good as any other.
Discussion
We presented the partition function corresponding to the non-Abelian T-dual of thê su(2) k WZW model and found that it is equal to the product of the partition functions of parafermions and a free boson. Because in this case the proposal (1.1) relates the duality to a procedure defined purely in CFT, it is guaranteed that conformal invariance is preserved. The coset construction allowed us to make exact analytic statements. It should be possible to extend our analysis to other groups, where similar CFT techniques are applicable, though this is expected to be technically more involved.
The dual partition function (3.42) is obviously not the same as the original WZW partition function. This is related to the non-compactness of the dual target space, and so is not a surprise. Indeed the modern view on non-Abelian duality is as a map between different string backgrounds.
In the large level limit of the coset two different backgrounds (3.13) and (3.15) appear to share the same string spectrum and partition functions. While we were able to argue this indirectly, it is desirable to make the proposal more concrete with direct reference to the target space as was done in [14] for the dilaton mode.
It can be shown that the backgrounds (3.13) and (3.15) are not diffeomorphic equivalent to each other. Given this, a natural question to ask is whether strings quantized on the backgrounds are actually equivalent to each other. There are two reasons one might doubt this conclusion. Firstly, in order to prove equivalence of the theories we would need to show equality not only of the partition function, i.e. the spectrum, but also of the operator product expansions of the states in the theories. Secondly, what we have done in this paper is to first quantize strings on the coset background (3.4), (3.5) and then take the limit in the quantum theory. This is not necessarily equivalent to quantizing (3.13) and (3.15) directly. There is no a priori reason why these two procedures -quantization and the large-limit -should commute. A test of the equivalence would involve working directly with the two limiting backgrounds, which may be technically difficult because of the lack of group theoretic structure. This is beyond the scope of this paper, but would be an interesting direction to follow up.
Finally, it will be interesting to see if our findings may have relevance in the context of non-Abelian T-duality in the presence of Ramond-Ramond backgrounds [29] .
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A Factorized form ofŝu(2) k WZW theory
First let us define theŝu(2) k character in a highest weight representation R λ χ (k) We obtain their 'specialized' versions by setting z = 1: This means we can think of the WZW model as being k-parafermions coupled to a compactified boson. Intuitively, this circle corresponds to the maximal torus of the SU(2) group manifold. When k = 1 we have η(q)c λ m = δ λ m , so theŝu(2) 1 theory is a free boson at the self-dual radius R = √ 2.
B Large limit of coset characters
Rather than deriving an expression for the coset character at finite (as in e.g. [13, Chap. 18] ) and then taking → ∞, it is possible to derive them directly at large .
The coset characters are defined by the branching formula (3.21), which we repeat here for convenience The Kac-Weyl formula gives another expression for the characters in terms of the generalized theta functions:
−λ−1 (q, z) Θ is the character of the finite algebra su(2).
In taking the limit of (B.1), χ 
